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Abstract. We investigate sets of the common zeros of non-con- 
stant semi-invariants for regular modules over canonical algebras. 
In particular, we show that if the considered algebra is tame then 
for big enough vectors these sets are complete intersections. 



Throughout the paper k denotes a fixed algebraically closed field of 
characteristic 0. By N and Z we denote the sets of non-negative integers 
and integers, respectively. Additionally, if i,j G Z, then = {/ G 
Z\i<l<j}. 

Introduction and the main result 

With a finite dimensional algebra A and a dimension vector d we 
may associate the variety of A- modules of dimension vector d (see 12. II) . 
An interesting problem investigated in the representation theory of fi- 
nite dimensional algebras is the study of geometric properties of these 
varieties (see for example PIIUlinillllllTlESlEZlEHlIMESlllH])^ In ad- 
dition to this topic rings of semi-invariants (see 12.21) are also studied 
(see for example [2IIl[2HEniE2JlinillS] ) • Recently, investigations of sets 
of the common zeros of non-constant semi-invariants were initiated 
by Chang and Weyman (pj)]) and then continued by Riedtmann and 
Zwara ( [36H39] ). Their investigations concerned situations of quiv- 
ers without relations and were based on known results about semi- 
invariants in these cases (among others Sato-Kimura theorem [42J). 
An inspiration for their research was an observation that if, for a given 
dimension vector, the set of the common zeros of non-constant semi- 
invariants has a "good" codimension then the coordinate ring of the 
module variety is free as a module over the ring of semi-invariants. 

An important class of algebras are the canonical algebras introduced 
by Ringel [HI 3.7] (see IX .41) . These algebras play an important role in 
representation theory (see for example [22 l l25 ll33ll4^] ) . Module varieties 
over canonical algebras were also studied ([HJE]). One may distinguish a 
special class of modules over canonical algebras, called regular (see II. 61) . 
The rings of semi-invariants for dimension vectors of regular modules 
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over canonical algebra were described by Skowroriski and Weyman [15] 
(they were also studied independently by Domokos and Lenzing [201 
121]). This description allows to investigate sets Z(d) of the common 
zeros of non-constant semi-invariants for the dimension vectors d of 
regular modules. The first step in this direction was made by the 
author in [7j. 

If d is the dimension vector of a regular module, then we have a 
canonical decomposition d = p d h + d' of d (see II .71) . where h is the di- 
mension vector with all coordinates equal to 1 and d' is the dimension 
vector of a regular module such that d' — h is no longer the dimension 
vector of a regular module. Recall that an algebra A is called tame if 
for each dimension d indecomposable modules of dimension d can be 
parameterized by a finite number of lines (see for example [TBI Defini- 
tion 6.5] for a precise formulation). 

The following theorem is the main result of the paper. 

Main Theorem. If A is a tame canonical algebra, then there exists 
N such that Z(&) is a complete intersection for all dimension vectors 
d of regular modules such that p d > N. 

Moreover, we show that also in the case of canonical algebras there is 
a connection between the codimension of Z(d) and freeness of the co- 
ordinate ring over the ring of semi-invariants, for the dimension vector 
d of a regular module. 

The paper is organized as follows. In Section [1] we recall necessary 
facts about quivers, their representations, and canonical algebras. In 
Section [2] we present basic properties of module varieties and rings 
of semi-invariants. In particular, we give a description of the sets of 
the common zeros of non-constant semi-invariants for the dimension 
vectors of regular modules over canonical algebras. In Section [3] we use 
these results to prove Main Theorem, and in final Section H] we present 
an interpretation of the main result in terms of freeness of coordinate 
rings over rings of semi-invariants. 

For background on the representation theory of algebras we refer 
to [3JHj. Basic algebraic geometry used in the article can be found for 
example in [2JJ. Author gratefully acknowledges the support from the 
Polish Scientific Grant KBN No. 1 P03A 018 27. The result presented in 
this paper was obtained during the research camp in Szklarska Por§ba 
(June 2006). 

1. Preliminaries on quivers and canonical algebras 

In this section we present basic facts about quivers and their repre- 
sentations. We also define canonical algebras and review their repre- 
sentation theory. 

1.1. Recall that by a quiver A we mean a finite set Ao of vertices 
and a finite set Ai of arrows together with two maps s, t : Ai — > A , 
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which assign to an arrow 7 G Aj its starting and terminating vertex, 
respectively. By a path of length m > 1 in A we mean a sequence 
cr = 71 • • '7 m of arrows such that 57^ = £74+1 for z G [l,m — 1]. We 
write su and tcr for S7 m and £71, respectively. For each vertex x of A 
we introduce a path x of length such that sx = x = tx. We only 
consider quivers without oriented cycles, i.e., we assume that there is 
no path a of positive length such that ta = sa. 

With a quiver A we associate its path algebra kA, which as a k- vector 
space has a basis formed by all paths in A and whose multiplication is 
induced by the composition of paths. By a relation p in A we mean a 
linear combination of paths of length at least 2 with common starting 
and terminating vertices. The common starting vertex is denoted by 
sp and the common terminating vertex by tp. A set R of relations 
is called minimal if for every p G R, p does not belong to the ideal 
(R \ {p}) of kA generated by R \ {p}. A pair (A, R) consisting of a 
quiver A and a minimal set of relations R is called a bound quiver. If 
(A,R) is a bound quiver, then the algebra kA/{R) is called the path 
algebra of (A, R). 

1.2. By a representation of a bound quiver (A, R) we mean a collection 
M = (M x , M a ) xe/ \ 0>ae/ \i of finite dimensional vector spaces M x , x G 
Aq, and linear maps M a : M sa — > M ta , a G A 1; such that 

for each relation ^ie[i i] \ a i,i ' ' ' a i,mi £ R- The category of represen- 
tations of (A, R) is equivalent to the category of kA/ (i?)-modules (see 
for example [3, Theorem III. 1.6]), and we identify fcA/(i?)-modules 
and representations of (A,R). For a representation M its dimension 
vector dimM G Z A ° is defined by (dimM)^ = dim^M^, x G Ao- For 
a vertex x G Ao we denote by e x the corresponding canonical basis 
vector in Z A °. 

1.3. Let A be the path algebra of a bound quiver (A,R). Assume 
in addition that gl. dim A < 2. We have the bilinear form (— , — ) = 
(-, -) A : Z Ao xZ A »^Z given by 

<d', d") = « - E d 'sA + £ d' s /: P . 

It is known (see [T1] 2.2]), that if M and N are A-modules, then 

(dimM, dim N) = [M, N] - [M, N] 1 + [M, N] 2 , 
where following Bongartz [13] we write 

[M, N] = [M, N} A = dim k Hom A (M, N), 
[M, N] 1 = [M, N)\ = dim k Ext A (M, N), 
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and 

[M, N} 2 = [M, N] 2 A = dim k Exti(M, N). 

1.4. Let m = (mi, . . . , m n ), n > 3, be a sequence of integers greater 
than 1 and let A = (A 3 , . . . , A n ) be a sequence of pairwise distinct 
non-zero elements of k with A3 = 1. By definition A(m, A) is the 
path algebra of the bound quiver (A(m), R(m, A)), where A(m) is the 
quiver 



(1,1) (l,mi-l) 




(n,l) (n,m„-l) 



and R(m, A) is the set of the following relations: 

■ ■ -ai, mi + \oi 2 ,i ■ • -«2,m 2 - «i,i • • -ai.mi, « £ [3,n]. 

The algebras of the above form are called canonical. In particular, we 
say that A(m, A) is a canonical algebra of type m. If we fix m and 
A, then we usually write A, A, and R, instead of A(m, A), A(m), and 
R(m, A), respectively. From now till the end of the section we assume 
that A = A(m, A) is a fixed canonical algebra. The following invariant 

$ 2 ^ mi m„ ) 

controls the representation type of A. Namely, A is tame if and only if 
5 < 0. Moreover, it is known that gl. dim A = 2. 

1.5. We abbreviate by e it j for i G [l,n] and j G [l,m,j — 1]. We 
put 

h= ^ e x and e ifi = h - (e M H h e^-i). 

xeA 

We extend the above definitions by e it i m . + j = e it j for i G [l,n], j G 
[0, mj — 1], and / G Z. 

For d G Z A ° let 5jj(d) = rfjj-i — j for i G [1, n] and j G [1, to*]. In 
the paper we use convention that c^o — ^0 an d — <^oo for d G Z A ° 
and i G [l,n], and djj = fori G [l,n] and j G [l,mj — 1]. Similarly 
as above we extend this definition by 5ij mi+ j(d) = Sij(d) for i G [l,n], 
j G [l,m,], and Z G Z. We also put ^ 1J2] (d) = E jebl ,, 2 ] M d ) for 
i G [l,n] and ji < j 2 . Observe that 

(eij, d) = -S i:j (d) and (d, e^) = 6 iJ+1 (d) 
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for i G [l,n] and j G Z, and consequently 

(ep a] ,d) = -<Jp' aI (d) and (d,ef j2] ) 

for i G and ji < j'2, where as above e^' 1 ^ 2 ' 

j e [1, n] and ji < j%. Finally 

(d, h) = d - = -(h, d). 

1.6. Let T 7 (TZ, Q, respectively) be the subcategory of all A-modules 
which are direct sums of indecomposable A-modules X such that 

(dimX, h) > ((dimX, h) = 0, (dimX, h) < 0, respectively). 

The modules from the category 7Z are called regular. We have the 
following properties of the above decomposition of the category of A- 
modules (see |HJ 3.7]). 

First, [N, M] = and [M, N} 1 = if either N G 71 V Q and M G V, 
or A" G Q and M G V V 7Z. Here, for two subcategories X and 3^ of 
the category of A-modules we denote by X V y the additive closure of 
their union. Moreover, one knows that pd A M < 1 for M G P V 7Z 
and idA A" < 1 for A" G 7£ V Q. Secondly, 7Z decomposes into a P 1 (fc)- 
family LL eP i( fc ) 7?.a °^ un i ser i a l categories. In particular, [M,N] = 
and [M, N] 1 = if M G ft A and JV G 71^ for A ^ /1. If A G ¥\k) \ 
{Ai, . . . , A n }, where Ai = and A2 = 00, then there is a unique (up to 
isomorphism) simple object R\ in 7Z\ and its dimension vector is h. On 
the other hand, if A = Aj for i G [1, n], then there are rrij pairwise non- 
isomorphic simple objects R ifi , • • • 5 Ri, mi -i in TZ\i and their dimension 
vectors are e ij0 , . . . , e.j iTOi _i, respectively. 

For i G [l,n] and ji < j'2 there is a unique (up to isomorphism) 
indecomposable module R^ 1 '^ in TZ^ with regular socle (i.e., the socle 
in the category TZ) R%,j 1 and of dimension vector e]j , where similarly 
as usual R it i mi+ j = iJy for i G [l,n], j G [0,mj — 1], and I G Z. Every 
indecomposable module from 71' = Y[i<={i n ] ^* ^ s isomorphic to R^ 1 '^ 

for some i G [l,n] and ji < j2- Moreover, R^ 1 ~ if and 

only if J2 — ji = h — h, and ji and l\ have the same reminder of 
division by mj. The regular length (i.e. the length in the category TZ) 
of R^ 1,h] is j 2 - ji + 1 and ri?J Jlj2] = Rf~ l ' h ~ 1] , where r denotes the 
Auslander-Reiten translation. We have the following rule of calculating 
dimensions of homomorphism spaces between modules in TZ': 

(1.6.1) [Rf' j2 \ Rf M \ = #{w G Z I 3l <h+ Umi < j 2 <l 2 + urrii}. 

We also put 71" = II AeP i (fe) \ {Alj ... jAri} 7Z X . 

1.7. Let P, R and Q denote the sets of the dimension vectors of 
modules from V, TZ and Q, respectively. We know from P, 2.6] that 
d G P (d G Q) if and only if either d = or d > d^ > (0 < d < d^, 



= Ej e y lj2 ] e i,i for 
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respectively) and S it j(d) > (^-(d) < 0, respectively) for all i G [l,n] 
and j G [1, rrij\. 

With a dimension vector d G R we may associate its canonical de- 
composition (compare [101 Section 1]) 

d = P d h + J2 E ^ 

ie[l,n] je[o,?n 4 -i] 

in the following way. First, for each i G [1, n] fix jj G [0, m, — 1] such 
that dij i = mm{di j \ j G [0, rrii — 1]}. Then we put 

Pi,j = d i,j ~ d i,jn i e t 1 ' »]. i 6 [°> m i - !]. 

and 

P d = (di,h H 1" ^njJ - (n - l)rf . 

The condition d G R implies that p d > 0. We also put V%i mi ^j = Ptj 
for i G [l,n], j G [0, — 1], and / G Z. The canonical decomposition 
of d is the unique presentation 

d= P h+ J2 J2 

ie[l,n] je[0,mj-l] 

such that p > 0, pij > for i G [1, n] and j G [0, m, — 1], and for each 
i G [1, n) there exists j G [0, m, — 1] such that pij = 0. 

2. Preliminaries on module varieties and semi-invariants 

Throughout this section A is the path algebra of a bound quiver 
(A,R). 

2.1. For d G N A ° let A(d) = FLeAx M ( d t*, d sa ). The variety mod A (d) 
of A-modules of dimension vector d is by definition the subset of A(d) 
formed by all tuples (M a ) a6 Ai such that 

J2 \M aiA .--M aitmi =0 
ie[i,i] 

for each relation Y^ieli i] ^i a i,i ' ' ' a i,m,i G R. We identify the points M 
of modA(d) with A-modules of dimension vector d by taking M x = k dx 
for x G A . The product GL(d) = n^eA GL(4) of general linear 
groups acts on modA(d) by conjugations: 

(g ■ M) a = g ta M a g^, a e A 1 , 

for g G GL(d) and M G modA(d). The orbits with respect to this 
action correspond bijectively to the isomorphism classes of A-modules 
of dimension vector d. For M G modA(d) we denote by O(M) the 
GL(d)-orbit of M. It is known (see for example [29j 2.2]) that 

dimO(M) = dimGL(d) - [M, M]. 
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We put 

a(d) = a A (d) = dimA(d) — d sp d tp . 

Note that a(d) = dimGL(d) - (d, d) for d e N A °. 

2.2. The action of GL(d) on modA(d) induces an action of GL(d) on 
the coordinate ring fc[mod A (d)] of modA(d) in the usual way: 

(g-f)(M) = f(g- 1 -M) 

for g G GL(d), / G fc[mod A (d)], and M G mod A (d). If a G Z A ° is a 
weight, then we define the weight space 

SI(A,d) CT = {/Gfc[modA(d)] \g-f= (J] det°M(g))f}. 

xgA 

The elements of SI(A, d) a are called the semi-invariants of weight a. 
By the ring of semi-invariants we mean 

SI(A,d)= SI(A,d) CT . 

u x =0 if d x =0 

One knows that SI(A, d) = k (since lack of cycles in A implies that 
there is a unique closed orbit in mod A (d)). By Z(d) = Z A (d) we 
denote the set of the common zeros of semi-invariants with non-zero 
weight for d G R. 

2.3. We present now necessary facts about the rings of semi-invariants 
for canonical algebras. For the rest of the section we assume that 
A = A(m, A) is a canonical algebra and A = A(m). 

Fix i G [l,n]. An interval [ji, j 2 ] with ji < j 2 is called z-admissible 
for d G R if pf h = pf j2 and pfj > pf h for all j G [jx + l,j 2 ~ !]■ Note 
that j2 is uniquely determined by ji and j 2 < ji + mi- We say that 
two z-admissible intervals [ji, J2] and [I1J2] are equivalent if j\ and l\ 
have the same reminder of the division by (consequently, j 2 and l 2 
have the same reminder of the division by m*) — in other words there 
exists u G Z such that Zi = ji+umi and Z 2 = j 2 + um 2 . We will usually 
identify equivalent intervals. Let Ai(d) be the set of equivalence classes 
of i-admissible intervals for d and 

ad(d) = #A(d) + --- + #A(d). 

We will use the following consequence of [121 Theorem 1.1]. 

Proposition. If d G R, p d > n — 1, and modA(d) is irreducible, then 
SI (A, d) is a polynomial ring generated by p d + 1 + ad(d) — n elements. 

Hi G [l,n], [ji, J2] £ ^4j(d), and j G [0,mj — 1], then we say that j 
lies inside [ji, j 2 ] if ji + wnrii < j < j 2 + urrii for some u G Z. We will 
need the following. 



8 



GRZEGORZ BOBINSKI 



Observation. Let d G R, % G [1, n], and j G [0, mj — 1]. The number 
°f \ji7j2] £ ^-i(d) suc/i that j lies inside [j'1,,7'2] ^ bounded above by 

Proof. Let [71,1, ^1,2] 5 ••■> [is, i;js,2] be the z-admissible intervals for d 
with the above property. Without loss of generality we may assume 
that 

jl,l < ■ ■ < js,l < j < j + 1 < js,2 < ■ ■ < jl,2- 

Then p£ . 2 > ■ • • > pf^ 2 is a decreasing sequence of s non-negative 
integers, hence pfj + i > 2 > s — 1. □ 

2.4. Now we derive consequences of the connection of semi-invariants 
with modules given in [TH] (see also [IE])- Namely, we have the following 
description of Z{d) for d G R with p d > 0. 

Proposition. Let d G R and p d > 0. If M G mod A (d) ; t/ien M G 
2(d) 2;/ and only if the following conditions are satisfied: 

(1) [R\, M] ^ for all X y£ \i, . . . , X n . 

(2) [it;f +1 ' i2l ,M] ^ /or aWz G [l,n] and [ 3l ,j 2 ] G ^(d). 

By an easy application of the Auslander-Reiten formula ([3j Theo- 
rem IV.2.13]) we get the following dual version of the above conditions 
(see also [HI Section 4]). 

Observation. Let d G R and M G modA(d). 

(1) IfX ^ Ai, . . . , X n , then 

[R x ,M]^0 <{=► [M,R x ]^0. 

(2) J/z G [l,n], ji < j 2 , and <^ 1+1Jal (d) = 0, then 

[R [ t +1 ' h \ M] [M, Rf' h ~ 1] \ £ 0. 

Note that for i G [1, n] and ji < j 2 the condition of x+1 (d) = is 
equivalent to = p^ 2 . 

2.5. For a subcategory of the category of A-modules and a di- 
mension vector d denote by X(d) the set of M G modA(d) such that 
MeX. 

For d G R let £ = £(d) be the set of quadruples (d', d", [X], q) such 
that d' G P, d" G Q, X G ft', q G N, and d' + d" + dimX + qd = d. 
Observe that € is a finite set. For (d', d", [X], q) G € let C(d', d", [X], q) 
be the set of M G modA(d) which are isomorphic to modules of the form 
M'®M"®X®Y with M' G P. dimM' = d', M" G Q. dim M" = d". 
and K G 72.", diml" = gh. Obviously modA(d) is a finite disjoint 
union of the sets C(d', d", [X], g), (d', d", [X], q) G £. We will need the 
following properties of these sets. 
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Lemma. If d G R and (d', d", [X], q) G £, then C{d', d", [X], q) is an 
irreducible constructible set of dimension 

a(d) + (d - d', d - d") - [X, X]. 

Proof. Compare the proof of [TJ Lemma 3.5]. □ 

Let €' = £'(d) be the set of all (d',d", [X],g) G £ such that the 
following conditions are satisfied: 

(1) d' ^ (equivalently, d" ^ 0), 

(2) for each i G [1, n] and each z-admissible interval [71, J2] ei- 
ther 5\ n+1 ' j2] {d') > or [X, Rf Ja ~ 1] ] ^ (equivalently, either 

5 bi+i,h] ( d //) < o or ^ 0). 

Observe that for M' G P the condition <5p 1+lj2 '(dimM') > is equiv- 
alent to [M f , R}? 1 ,h ~ 1] ) 0. Similarly, for M" G Q the condition 
5f 1+1,i2l (dimM") < is equivalent to [R^ 1+1 ' h] , M"} + 0. 

Another important property, which follows easily from (12.41) (com- 
pare [7J Lemma 3.6]) is the following. 

Observation. Let d G R and p A > 0. // (d', d", [X], q) G £, then 

C(d', d", [X], g) n Z{d) ^ (d', d", [X], g) G t 

^ C(d',d",[X),q)cZ(d). 

Recall that if modA(d) is irreducible, then it is a complete intersec- 
tion of dimension a(d) (see for example Hence we get the following 
corollary, which determines our strategy of the proof. 

Corollary. Let d G R, p d > n — 1, and assume that modA(d) is 
irreducible. Then Z(d) is a complete intersection provided 

[X, X] - (d - d', d - d") > p d + 1 + ad(d) - n 

for all (d',d", [X],q) G 

3. Proof of the main result 

Throughout this section A = A(m, A) is a fixed canonical algebra 
and A is its quiver. Our aim in this section is to prove Main Theorem. 

3.1. The first step in our proof is the following. 

Lemma. // d 6 R, (d',d", [X],g) G <£', and q > 0, then there exists 
(x',x", [X'],q') G £' such that 

[X, X] - (d - d', d - d") > [X', X'] - (d - x', d - x"). 

Proof. Take x' = d' + gh, x" = d", X' = X, and g' = 0. □ 

Let be the set of triples (d', d", [X]) such that (d', d", [X], 0) G <? '. 
We have the following consequence of the above lemma and Corol- 
lary EH 
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Corollary. Let d G R ; p A > n — 1, and assume that modA(d) is 
irreducible. Then Z(d) is a complete intersection provided 

[X, X] - (d - d', d - d") > p d + 1 + ad(d) - n 

for all (d',d", [X]) G €" . 

3.2. The second, and the most difficult step, is to prove that we may 
assume that p dimX = 0. 

Fix d G R and (d', d", [X]) G £" such that p dimX > 0. We associate 
to (d', d", [X]) a new triple (x', x", [X']) such that x' G P, x" G Q, and 
x' + x" + dimX' = d, in the following way. Write X = n ] X; 

with Xi G TZ Xi , i G [l,n]. Since p dimX > 0, there exists % G [l,n] 
such that p dimX i > o. Without loss of generality we may assume that 
pdimXi > q j^g^ j Q Iqq the minimal j G such that 5ij(d') > 0, 

let l 2 be the minimal / > jo such that is a direct summand of X 
for some j < j (this definition makes sense since p dimX i > 0), and let 
Zi be the minimal / such that R^' 1 ^ is a direct summand of X. Note 
that l 2 < Jo + mi- Write X = Y © r\ iM and put x' = d' + e [ (°' h \ 
x" = d", and X' = Y © R [ } uj °- 1] (where i?f ljWl = if h = j ). 

In the following lemma and the next subsection we use the above 
notation. 

Lemma. In the above situation 

[X, X] - (d - d', d - d"> > [X', X'] - (d - x', d - x">. 

Proof. A crucial role in the proof is played by the following exact se- 
quence 

By applying the functor HomA(— ,X) to this sequence we obtain 

[i?f ljW] ,X] < [R [ l uh] ,X] - ([R\>°' h] ,X] - [i^'^X] 1 ) 

= [R [ l lM ,X] - (ef ' y ,dimX) = [Rf M , X] + 5? M (dimX). 

Moreover, by application of the functor Hom^Rf 1 '^ — ) to this se- 
quence we know that 

jjj>['i>jo-i] ^['i,io-i]j ^[iij'o-i] ^I' 1 '' 2 !] 

and consequently 

^[h,jo-i] j^/j _ ^[Jij'o-l] ^>['i,Jo-l]j _|_ ^[Jij'o-l] yj 

< [i2[ ,1 " , '°- 1] ,i2[ ,1 ' ,2] ] + [i?f ljW] ,r] = [i?f ljW] ,X]. 

Finally by applying the functor Houla^, — ) to the above sequence we 
get 

[Y,Rf uj{, - 1] ] < [Y,R [ l lM ], 



ZERO SET OF SEMI-INVARIANTS FOR TAME CANONICAL ALGEBRAS 11 

hence 

[X',X'] = [Rf UJi, - 1] ,x'] + [r, J Rj lJo_1] ] + [Y,Y] 

< [R [ i ld °- 1] ,X] + [Y,Rf lM ] + [Y,Y] 

< [Rf lM ,X] + 8?' h] (dimX) + [Y, R [ l lh] ] + [Y, Y] 
= [X,X] + 6 1 bo '' 2l (dimX). 

On other hand 

(d - x', d - x") = (d - d\ d - d") - (ef°' y , d' + dimX) 

= (d - d', d - d") + <#'°' ,2l (d') + 5 [ ( oM (dimX), 

hence consequently 

[X', X'] - (d - x', d - x") < [X, X] - (d - d', d - d") - 5? M (d') 
what finishes the proof. □ 

3.3. Now we check when (x', x", [X']) G For i G [1, n] and [ji,j 2 ] e 
»4i(d) we say that the triple (x',x", [X']) satisfies the (i, j 2 ] ^condi- 
tion if either <^ 1+lj2l (x') > or [X',R^ ld2 ~ 1] ] ^ (equivalently, either 
5\> 1+1 ' j2] (x") < or [Rf +1 ' j2 \x'\ ^ 0). Obviously (x',x", [X']) G €" if 
and only if (x',x", [X']) satisfies (i, j 2 ])-condition for all i G [l,n] 
and \jij 2 ] e A(d). 

We call a pair (i, [71,^2]) consisting of i G [l,n] and [ji,j 2 \ G A(d) 
critical for (d',d", [X]) if i = 1 , (after appropriate choice of a repre- 
sentative) j 2 = jo and ji < h, 5 [ j> 1+1 ' j2] (d') = 1, [X, J2 " 1] ] = 0, and 
5[ jl+1 ' r2] (d") = 0. Observe that there may be at most one critical pair 
for (d',d",[X]). 

Lemma. If % G [l,n], [ji,j 2 ] G ^4j(d), and (i, [ji,j 2 ]) is not a cni- 
zca/ pair for (d',d", [X]) 7 £/ien (x',x", [X']) satisfies the («, J2])- 
condition. 

Proof. If 2 7^ 1 or ^' 1+lj ' 2 ^ (d") < 0, then the claim is obvious. Simi- 
larly, the claim follows easily if 5\ jl+1 ' n] {d') > 1, since of 1+lj2] (x') > 
5\ jl+1 ' J2] (d') - 1. Hence we may assume that i = 1, 5^ 1+1 ' j2] (d') < 1, 

and (jj 7 ' 1+1>J ' 2] (d") = 0. 

After an appropriate choice of a representative we may assume that 
jo < 32 < jo + wii. Consider first the case ji > jo- If ji < ^2 < J2, 
then of 1+1,j2l (x') > 0, hence (x',x", [X']) satisfies (1, [ji, j 2 ])-condition 
in this case. On the other hand, if either ji,j 2 > h or ji,j 2 < ^2, then 
5 bi+ij'2]( x ,) = 5 b-i+i^]( d /) ; thus the claim wiU foUow if we show that 

[X', i?^' 2-11 ] = [-X", i?? lj2_1] ] in this case. In order to prove this equal- 
ity it is enough to show that [R [ l ul2 \ R^ j2 ~ 1] ] = [Ry ' jo ~ 1] , R^ j2 ~\ 



12 



GRZEGORZ BOBINSKI 



By applying the functor Hom A (— , R X ' J2 ) to the short exact sequence 

we get a sequence 

-> Hom A (i# '^ i#' lJa_11 ) -> Hom A (i^ 2l ,i?f ljWl ) 

-> Hom A ( J Rf 1 ' i0 - 1] ,i?f' 1J2 - 1] ) -> E 3 rti(i2? 0,,al JJ R? lJa - 1] ). 
By using ( 11.6. lfl and the Auslander-Reiten formula we obtain that 

Exti( J R 1 b ' 0, ' 2l , J R 1 b ' 1 ' i2 - 1] ) = Hom A ( J Rf 1 ' i2 - 11 , J Rf°- 1 '' 2 - 11 ) = 0, 

hence we get the required equality and finish the proof in this case. 

In the second case, i.e. when l x < j x < j , [R l l ldo ~ 1] , R [ ^ uj2 ' 1] ] ^ 
and the claim follows again. 

Finally, assume j x < l x . If j 2 > l 2 , then 5^ 1+1 ' h] (x') = S^ 1+1 ' h] {d') > 
0. On the other hand, if j 2 = jo then [X, i?[ jl,j2 ^] ^ 0, since the pair 
(1, [j x ,j 2 ]) is not critical. If j x + m x > l 2 then [Rf 1,h \ R^ 1,h ~ 1] ) = and 
we get [X', i$ lJa-1] ] = [X, Rf' h ' 1] ] ^ 0, while if j x + m x < l 2 then 
4 Jl+lj2] (x') = S^ 1+1+mi ' n+m2] (^) > 0, hence the claim follows in both 
situations. It remains to consider the case jo < ji < h- We show that 
this situation cannot happen and this will finish the proof. Indeed, 
the conditions 4 il+1 ' i2] (d') < 1 and <# 1+lj2] (d") = 0, which imply 
5[ M+1 ' n] (d') = (since 8 XJo (d') = 1) and 5 [ l jo+1 ' n] {d") = 0, together 
with the inequality d x> j > d X j 2 , would mean that P x *™ x > Pi^ X if 
jo < 32 < h- As a consequence, there would exist a direct summand 
of X of the form R x for j < jo < I < j 2 < l 2 in this case — a 
contradiction to the definition of l 2 . □ 

3.4. We use now the results of the two previous subsections to make 
the next step in the proof. 

Lemma. Ifd G R, (d',d", [X]) G £" , andp dimX > 0, then there exists 
(x',x", [X']) G €!' such that dim fe X' < dim fc X and 

[X, X] - (d - d', d - d") > [X', X'} - (d - x', d - x"). 

Moreover, the inequality is strict if p dimX ' = 0. 

Proof. Without loss of generality we may assume that p dimX i > 0, 
where X = © ig r ln i Xi for Xi G 7^a 4 , i G [1, n). Suppose first there 
are no critical pairs for (d', d", [X]). Then it follows from Lemmas 13.21 
andESl that the triple (x',x", [X')) obtained from (d', d", [X]) by ap- 
plying the construction described in (13.21) belongs to dim k X' < 
dimfc X, and 



[X, X] - (d - d', d - d") > [X', X'} - (d - x', d - x"). 
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Assume now that there exists a critical pair for (d', d", [X]). Without 
loss of generality we may assume this pair is of the form (1, [ji, Jo]) for 
ji < li, where j and li (and also l 2 ) have the same meaning as in (13.21) . 
If R is an indecomposable direct summand of X of the form ji^ j1 ' U2 ^ for 
u i < ji < u 2 , then it follows that u 2 > jo (since [X, R^ 1 '-* ^] = 0), and 
consequently u 2 > l 2 by the definition of li and l 2 . In particular this 
means that pf 1 ^ clR < p? 1 ™ 111 for each direct summand R of X. Since 
Pi 1 j^ X = Pij£ ~ 1; this implies that if R is a direct summand of X of 
the form T^" 1 '" 2 ' for u\ < jo < u 2 < jo + mi different from i?[ Zl ' /2 ', then 
u i < ji and u 2 > l 2 . 

Let v 2 be the minimal u 2 such that ^j" 1 is a direct summand of 
X for u\ < ji < u 2 and let v\ be the maximal u\ such that R^ x,v ^ is 
a direct summand of X. Recall that v\ < l\ < l 2 < v 2 . Moreover, the 
minimality of v 2 implies that v 2 < l 2 + m\. Write X = Y © Ry' 12 ^ © 
R [ ? 1>V2 \ and let X' = Y © R^' h] © R [ [ lM . Our definitions imply that 
Y has no direct summands of the form j^ 11 ' u ^ with either v\ < Ui < l\ 
and l 2 < u 2 < v 2 , or V\ < Ui < l\ and l 2 < u 2 < v 2 , hence 

[Y, Rt M © M' 1 '" 2 '] = [Y, Ri lM © Ri lM ] 

and 

[R [ ^' h] © r\ iM ,Y] = [Rf M © R [ ?' V2] ,Y] 
In addition, tedious analysis shows that 

[Ri lM © R [ l UV2 \R [ ? lM © Rf UV2] ] = 

[4 lM ®Ri 1 ' V2 \Rv' h] ®R l ! uV2] } + l 

(here it is important that v 2 — l 2 < mi), hence it follows that [X', X'] = 
[X,X] + 1. Observe that (d',d", [X']) G <t" (since [X', Rf lM ] > 
[X, i?!" 1 '" 2 ^] for all i G [l,n] and u\ < u 2 ). Moreover, there are no 
critical pairs for (d', d", [X']), thus it follows from Lemmas 13.21 and 13.31 
that for the triple (x',x", [X"]) obtained from (d',d", [X']) by apply- 
ing the construction of (JX2D we have: (d',d", [X']) G dim fc X" < 
dim/;. X' = dinifc X, and 

[X", X"} - (d - x', d - x") < [X', X'] - (d - d', d - d") - 1 

= [X,X] - (d-d', d-d"). 

Since p dimX " > o, this finishes the proof. □ 

Let €"' be the set of triples (d',d", [X]) G C" such that j9 dimX = 0. 
We have the following consequence of the above lemma and Corol- 
lary o 
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Corollary. Let d G R, p d > n — 1, and assume that modA(d) 
irreducible. Then 2(d) is a complete intersection provided 

[X, X] - (d - d', d - d") > p d + 1 + ad(d) - n 

/or a// (d',d", [X]) G 

3.5. For d G R and (d', d", [X]) G let 

ad« = #{(z, [n, j 2 ]) G [l,n] x A(d) | <# 1+lj2] (d') > 0}, 
ad (2, = #{(Uji,J 2 ])e[^]xA(d)| 

^' 1+1 ' i2] (d') = 0, ^' 1+1,i2l (d") < 0}, 

and 

ad (3) = #{(z, [ji, j 2 ]) G [l,n] x A(d) | 

5p 1+1 ' i2l (d') = = 5j J1+lj2l (d")}. 

Obviously 

ad(d) = ad (1) + ad (2) + ad (3) . 
The final auxiliary step in the proof is as follows. 

Lemma. Let d G R and (d', d", [X]) G 

(1) -(d,d'>>(p d -n)K-0 + ad (1 \ 

(2) -(d",dimX) > ad (2) , 

(3) [X,X] > (dim X, dim X) +ad (3) . 

Before we present the proof of the above lemma, we show how it 
implies Main Theorem. Note that 

(d - d\ d - d") = - (d\ d') + (d, d') + (d", dim X) + (dim X, dim X) . 

Consequently, we have the following corollary being a consequence of 
the above lemma and Corollary 13 .41 

Corollary. Let d G R ; p d > n — 1, and assume that modA(d) is 
irreducible. Then Z(d) is a complete intersection provided 

((d',d')-l) + (p d -^)((d',h)-l)>0 

for all (d',d", [X]) G <£"' . 

Proof of Main Theorem. By repeating arguments used in [TJ Proofs of 
Propositions 4.1 and 4.2] we get that 

«d', d'> - 1) + (p d - n)«d» - 1) - 1 > 

for d' G P, d' ^ 0, if 5 < and p d > N, where X = n if 5 < 0, X = n+ 
1 if S = 0. Recall from [01 Theorem 1] (compare also [BJ Theorems 1.1 
and 1.3 (2)]) that modA(d) is irreducible, if A is a tame canonical 
algebra, hence the claim follows from the previous corollary. □ 
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3.6. We prove now points ([T]) and ([2D of Lemma [3. 51 

Proof of Lemma \3.5\ (CD). Let s = d' Q — d'^ and t = d'^. For each i G 
[1, n) there exists a sequence < k t i < • • • < k, s < rrii such that 

d' = th+ e(/ij, . . .,l n ,j) 

where for a sequence . . . , l n ) such that U G [0, — 1] for i G [1, n] 
we put 

e(/i, . . . ,l n ) = e + ^ ejj. 

ie[i,n]je[i,«i] 

Note that for (Zi, . . . , Z n ) as above 



(d,e(/ 1 ,...,y) = -/- P 



h+v 

ie[l,n] 



and for i G [1, n] and ji < j 2 



jfb'i+Val/w/ / Yl - J 1 li lies inside ^'^l' 

IU otherwise. 

Since for z G [1, n] and j\ < j 2 , 

^' 1+1 ' i2l (d) > <-> E ieM ^' 1+1 ' i2l (e(iij, • • • , Jnj)) > 0, 
the claim follows from Observation 12.31 □ 

Proof of Lemma \3. 51 (|2l) . Similarly as above for each i G there 
exists < < ■ ■ ■ < /j jS < mj such that 

d" = ih + W 

J6[l,s] 

for s = d'^ — d*Q and t = g?q, where for a sequence (7i, . . . , l n ) such that 
/i G [1, mj] for z G [1, n] we put 



e'(k,---,i n ) = goo + 

ie[l,n] je[/i,mj-l] 



We also have 



(e'(/ 1 ,...,y,dimX) = - £ pjff 

ie[l,n] 

for (/i, . . . , /„) as above. 

Fix z G Let *4- 2) ( d ) be the set of \ji,j 2 ] e A(d) such 

that 5f 1+lj2] (d') = and 5\ jl+1 ' h] (d") < 0. We define a function 
(d)-[M given by 

/([ji, 32\) = min{j G [l,s] | l id - 1 lies inside [jij 2 ]}. 
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Our claim will follow if we show that the inverse image of j G [1, s] has 
at most pfi* 1 *! elements. Fix j G [1, s] and let u j 12 ], . . . , \j Bl , j s 2 ] 

(2) 

be the intervals in A\ whose image under / is j . We may assume that 

< ■ ■ • < js,l < h,j - 1 < k,j < Js,2 < ■ ■ < jl,2- 
Then pf hi <■■■ < pf jsl , hence 

The definitions of ^4^(d) and / imply that ^ x = d! iXi _ x and x = 
<,/^-i, hence 



Pi,l itj -1 Pi,ji,i ~ — Xij id -i Xij 1A — p il . ._ 1 Pfj ltl i 

where x = dimX, thus in order to finish the proof it remains to 
show that vf: , > 0. This follows since the conditions pf 4 , = p. d ,- „, 

5 bi,l+l,ii, 2 ] (d /) = 0> and 5 b-M+l.ii, 2 ]( d //) < Q) imply that p x.^ > px.^ > 

0. □ 

3.7. Before we give the proof of the last point of Lemma I3~5l we present 
some auxiliary facts. For m > 1 let A m be the path algebra of the quiver 

„ 1 2 m— 1 m 



For an interval [7*1 , J2] with 1 < ji < j 2 < 771 let X^ 1 '^ be the unique 
indecomposable A m -module of dimension vector Yljelji 32} e r ^ n m t er_ 
val [ji, J2] with 1 < ji < j 2 < m is called admissible for d G N^™-* 
if dj t = dj 2 > and dj > dj x for all j G [ji + 1, j'2 — !]• Let ^4(d) be 
the set of admissible intervals for d. The following is a consequence 
of [T51 Theorem 5.7] and the description of semi-invariants for E m ob- 
tained in [2] (see also p]). 

Proposition. Let d G N (Era)o , A' be a subset of A(d), and M G 
mod Am (d). // [X^ +l ^\M\ Am ± for all \j u j 2 \ G A!, then 

[M,M] Am > (d,d) Am + #A'. 

Proof of Lemma \3. 51 (131) . For each i G fix ^ G [0, — 1] such 

that pf}f lX = 0. For i G [l,n] let «Sj be the full subcategory of 1Z\. 

formed by the objects r]? 1 ^ 2 ' such that U < ji < j 2 < U + nti. It is 
known that there exists an equivalence Fi between Si and the category 
of Am-i-modules such that Fi(R [ ^ j2] ) = X^ 1 ' 1 ^-^ for k < j x < j 2 < 
li + nii (in particular, dim(FiR)j = pff^f for j G [l,m,j — 1]). Write 
x = 0ie[i,n] witn ^ G Obviously 

[X, X]a = [Xi, Xi]a + • ■ ■ + [X n , X„]a = 

[F1X1, FiXi]A mi _ 1 H h [-FnX n , F n X n ] j4mji _ 1 . 
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Fix i G \l,n). Note that for each [j 1 J 2 ] G A(d) with 5f 1+ ' J2j (d') = 
= ^ 1+lj2] (d") we have = p?™ Xi and pg mXl > pf™ x for j G 

[ji + l,j 2 — 1]- Moreover, [R^ 1+1 ^ 2 \ X;]a 7^ 0. This implies in particular 
that £>^™ Xl > 0. Consequently, [j 1 - k,j 2 - h] e ^(dimFiX;) and 
^b'i+i-^.J2-'i] ) FjXjj^^j 7^ (here we assume that \j x , j 2 ] is chosen is 
such a way that l\ < ji < j 2 < l\ +77ij). Thus it follows from the above 
proposition that 

[FtX^FiXi]^^ > (dim FiXi, dim FiX^A^ +adf, 

where 

adf } = j 2 ]) G A(d) I <# 1+1 ^(d') = = 5^ +1 ' h] (d")}. 
Since (dim FiXi, dim FiXi) An.-! = (dimXj, dimX;)A, 
(dimX, dimX)A = (dimXi, dimXi)A + • • • + (dimX n , dimX n )A, 
and ad (3) = adf } H h ad^ 3) , the claim follows. □ 



4. Application to modules of covariants 

Let A = A(m, A) be a canonical algebra and d 6 R with p d > 0. 
The aim of this section is to prove the following. 

Theorem. If mod^(d) is irreducible, SI(A, d) is a polynomial ring in 
s variables and the codimension of 2(d) in modA(d) equals s, then 
/c[modA(d)] is free as a SI(A, d)-module. 

Note that the conditions of the above theorem are satisfied in the 
situations covered by Main Theorem and pD, Theorem 3]. 

The proof of the above theorem basically repeats arguments from [4*31 
Proof of Proposition 17.29]. 

Proof. We introduce a grading in fc[A(d)] in such a way that polyno- 
mials defining modA(d) are homogeneous with respect to this grading, 
and consequently fc[modA(d)] is graded (recall that the corresponding 
scheme is reduced — see [HI (3.3)]). Namely, the degree of X^f. is 
m/mi for i G [l,n], j G u G [ljdy-i] and v G [1, dij), where 

m = m\- ■ -m n . Obviously, we may choose generators fi, . . . , f s of 
SI (A, d) which are homogeneous (in fact, one may easily calculate the 
degrees of the generators from [4"5"l Theorem 1.1]). It follows from 
the proof of [HI Theorem VII. 25, p. 200], that / l5 . . . , f s can be ex- 
tended to a homogeneous system of parameters for fc[modA(d)]. Since 
fc[modA(d)] is a Cohen-Macaulay ring, the claim is a consequence of 
arguments given in [261 p. 1036] □ 
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